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QUASI-PERIODICITY WITH RESPECT TO TIME 
OF SPATIALLY PERIODIC FINITE-GAP 
SOLUTIONS OF THE CAMASSA-HOLM EQUATION 
BY 
ADRIAN CONSTANTIN (*) 
[Universitlt Base]] 
We consider the spatially periodic problem for the recently derived 
dispersive shallow water equation of CAMASSA-HOLM [l] 
(1) Ut - U,r.rf + 3UU.r = 2U.r.U.r~ + uU,r,r,~ 
where u is the height of the water’s free surface above a hat bottom. 
To analyze the initial-value problem we follow CAMASSA-HOLM by 
introducing a spectral problem in which the time t appears only as a 
parameter: 
1 
y” = 4 y + Amy 
(here m = u - u,~,~). We look for those values of X E R for which 
equation (2) has a periodic or anti-periodic solution on [0, 11. While the 
solution u(t, x) of the Camassa-Holm equation develops in a complicated 
way, the periodic and anti-periodic spectrum remain unchanged. 
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Assume the m E C1 (R) is of period 1. If m 5 0, then there is a 
simple periodic ground state X,-J > 0 followed by alternately anti-periodic 
and periodic pairs 
A() < Xl < x2 < x3 5 x4 < . . . 
of simple or double eigenvalues accumulating at 00; if m 1 0 this pattern 
is simply reflected in X = 0. If m changes sign on [0, I], we have a 
two-sided sequence of simple or double eigenvalues 
with 0 E (X, , X,‘). For the proof, see [2]. 
If m E C1 (R) of period 1 gives rise to a periodic/anti-periodic spectrum 
with a finite number of simple eigenvalues (the rest being double) then m 
has no zeros and the simple spectrum determines the double (see [3]). 
Consider (1) with u(O,X) E C3(R) of period 1 such that m(O,x) = 
~(0, .x) - u.,.,~ (0, X) gives rise to a finite simple spectrum. In this case we 
proved (see [3]) that (1) has a unique solution u(t,z). This solution is 
spatially periodic (with period 1) and is defined for all values of t 2 0. 
Such solutions are called jinite-gap solutions. 
The aim of this note is to show that any smooth spatially periodic 
finite-gap solution to (1) is quasi-periodic with respect to time. We say 
that f E C(R) is quasi-periodic if there exists a continuous function 
F@l,..., tr), periodic (with period 2~) with respect to each variable so 
that f (t) = F (alt, . . . , ~,.t) for some constants ~1, . . i a,. E R. 
THEOREM. - Any smooth spatially periodic jkite-gap solution of the 
Camassa-Helm. equation is quasi-periodic with respect to time. 
We state deliberately the theorem with “smooth” for the following 
reason: the usual smoothness assumption would be that ~(t, X) is of class 
C1 in time and of class C” in space. This would produce for fixed time t 
a map mt of class C* that yields a finite simple spectrum and it is easy to 
see from the reslts in [3] that in this case mt is of class C” (we deduce 
this from the system of ODE’s satisfied by a translation in the potential 
- see [3]). This is thus the precise meaning of “smooth” in the theorem: 
C1 in time and C” in space. 
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Proof. - Assume that the finite simple spectrum is formed by 
x0 < Xl < x2 < . . . < X&l-l < X2!) 
(with X0 > 0) which might be interlaced by double eigenvalues: 
{X&l, Xzj}, i = 1,. . .) g, is the mi’th pair of eigenvalues in the spectrum. 
Consider the Dirichlet spectrum for (2): it is formed by some simple 
eigenvalues p; E [Xzi-~, X2;], i = 1,. . . , g, and by the double eigenvalues 
(counted once) of the periodic/anti-periodic spectrum (see [2]). 
The Camassa-Holm flow (m (0,x) -+ m (t, x)) does not change the 
periodic/antiperiodic spectrum but changes CL;, i = 1, . . . , g, according to 
the ODE’s (see [3]) 
Let 
The Riemann surface associated to this radical is of genus (29) with 
branch points at f &-, k = 0, 1, . . . , g. We consider the hyperelliptic 
curve with points p = [E, s ([)I. Define 
o;= [*:o]. o:= [-&o]. lIi19, 
and consider the differentials of the first kind 
L?&, 
wj = s (,o l<j<Y-1, 
together with the differential of the second kind 
F’“g WII = s (,g 
which has two simple poles at the points above 00. Let (P;,P:), 
i = l,..., g, be a divisor on the curve such that if pi = (&, s ([i)), 
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then pi = (-I;, s (t,)), 1; = 1,. . . : g, and let it be in real position, meaning 
that <(pi) E Ik, &I. 
Define 
Q.J = x;=, C].kWX 3 
(the constants c,j,k are chosen so that the integral of Rj over the i’th closed 
path is 27rSi.j) with the paths of integration o;pj and the “symmetric” 
paths o# restricted to the cycles covering [- k, k] and respectively 
‘_&; g$;:;. . . 
, g. We have defined a map from the set of 
x ) = F (pl . 
.“‘, CJ . . 3 ps) which is ambiguous, 
the paths being unspecified; the ambiguity can be removed by factoring 
IF by the lattice of periods arising from closed paths. 
Let now pj (t) be the Dirichlet eigenvalue moving under the action of 
the Camassa-Holm flow, pi (t) = [A, s (&)I, 1: = 1, . . . -9, and 
X,j (t) = cf, 
We have that 
l<y<y. - .’ - . 
1 
c 
9 = -- 
4 k=l c.i.k 
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Consider the rational functions 
and observe that 
Res f, -!- = 
.o pj 
and 
k=g-1, 
&> k=g, 
since for X = i and z -+ 0, we have 
4-+ri(1+ (-y;=, $+...). 
By the residue theorem we obtain 
so that 
6Yj @I 1 &I 
___ = cj7y-1 dt s c 
‘+I 
7n=O A,,, > 4 . 
Denote the integral basis of the numbers 
1 1 
Cl..y-1 s 
( c 29 ‘+1 
rn=O A,,, 
> 
4 ““’ cy.y-1 8 
( c %I 
‘+I 
m=O A,,, 4 > 
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by al, QZ,..., or, T < 9, meaning that the numbers al? . . . . or are 
linearly independent with respect to the ring of integers and there is a 
unique representation of the form 
( 
1 
c 
2Y 
Cj.g-1 s ',I =+!1+... rn=o A,,, 4 > 
+ nja,.: 1 I: .i < 9, -. 
where n,: , , . . , nJ are integers; such a basis exists (see [4]). We have 
therefore that 
Let us consider the system of equations (the unknowns are pr, 1 I: i 5 9) 
(4) 9 1’: c J i=l Rj=n:y~+...+n;y~, l<j<g. I’? (0) 
It is clear the quantities pf are determined uniquely for fixed ~1, . . . , g,., 
i.e. pT is a one-valued function of the variables yl, . . . , yr : p; = 
P;(Yl,...> yT). Moreover, since the Jacobian of the system of equations 
(4) is non-zero, we deduce from the implicit function theorem that 
P’(Yl,..., yr) is a continuous function. 
Let prpf = -&; here pr means the projection on 
1 5 i 5 9. We have prp; (t) = &, 1 5 Z 2 g. 
From (4) we get 
and changing the number of complete rotations with respect to the .j’th 
cycle we can eliminate (2rn,i), obtaining 
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with 
Pr PT’ (YI + 2r, y2, . . . , yr) = prpf (yl + 27r, ~2, . . . , yr). 
From (4) and (5) we deduce that 
PT’ (Yl + 2T, y2, f f ., yr) = pf (y1,. . . ) yr) 
(we have uniqueness). We obtain 
CLT(Yl,.... YY,) = 
1 1 
= [PM bi , y2, . . . , yyr>12 = [pr pf* (~1 + 2~, y2, . . . , yr)]2 
1 
= [prpf(yl+2~,~2,...,y~)]2 =PT(y1+2Tt”e~Yr) 
so that pT(yr,..., yr) is periodic with period 2~ in the first variable. 
Similarly we prove that pt is of period 27 in the remaining variables. 
Since 
Y c .I 
I’% (t) 
j=l pz (0) Rj = (+rl +* .. + n+.) t 9 = c s 
11: (nlt,....ru,t) 
j=lpL(o) (2.; > 15.i i 9, 
we deduce that 
pi(t)=p;(alt+...+cu,t), lIi<g, 
Let now p”(t), 1 5 i 5 g, be identified with p;(t) without taking into 
account the number of complete rotations that p;(t) performs around the 
l;‘th cycle while t moves on. Since prpp (t) = & is quasi-periodic 
and we do not take into account complete rotations around the cycles, we 
obtain that the function 
is quasi-periodic. 
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Think now of m as a function that for fixed t belongs to the space X of 
continuous functions with period 1 (endowed with the supremum norm). 
Recall from [3] that there is a one-to-one continuous correspondence 
[pf (t). . . . p): (t)] -+ rnf E x 
(we have a system of ODE’s and the p:(t) express the initial data; the 
continuity of the above correspondence comes thus from the continuous 
dependence upon initial data). 
This proves that m(t, :I:) is quasi-periodic in time and therefore ~(t, z:). 
the spatially periodic finite-gap solution of the Camassa-Holm equation, 
is also quasi-periodic in time. 
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